Abstract. Given a Lie group G with finitely many components and a compact Lie group A which acts on G by automorphisms, we prove that there always exists an A-invariant maximal compact subgroup K of G, and that for every such K, the natural map 
Introduction
Let a group A act on a Lie group G by automorphisms. Recall that the set of cocycles Z 1 (A, G) consists of maps γ : A → G satisfying γ(ab) = γ(a)a(γ(b)) for all a, b ∈ A, and that γ 1 , γ 2 ∈ Z 1 (A, G) are cohomologous if for some g ∈ G we have γ 2 (a) = g −1 γ 1 (a)a(g) for all a ∈ A. The first nonabelian cohomology H 1 (A, G) of A with coefficients in G is, by definition, the set of all cohomologous classes in Z 1 (A, G) (c.f. [6] ).
Because of its relation with number theory, most studies of this kind of cohomology concentrate on the case that G is also algebraic. For example, a classical result of Serre [6, III.4.5] asserts that if G is a complex reductive algebraic group with a maximal compact subgroup K, and A ∼ = Z/2Z acts on G by the complex conjugation with respect to K, then the natural map H 1 (A, K) → H 1 (A, G) is bijective. Recently, the case that G is an arbitrary connected Lie group was considered in [1, 2] . In particular, it was proved that for any finite group A and any connected Lie group G, there exists an A-invariant maximal compact subgroup K of G, and the natural map
The goal of this paper is to generalize the above results to the case that A is an arbitrary compact Lie group and G has finitely many components. In this setting, by a cocycle γ : A → G we always mean a continuous one. Our main theorem is as follows. Theorem 1.1. Let G be a Lie group with finitely many components, and let A be a compact Lie group which acts on G by automorphisms. Then there exists an A-invariant maximal compact subgroup K of G, and for every such K, then natural map ι 1 :
It should be pointed out that the main difficulty in the proof of Theorem 1.1 lies in the injectivity of the map ι 1 . Recall that the proof of the corresponding part for the special case of Theorem 1.1 where A is finite (and G is connected), which is [1, Thm. 3.1], is based on the wellknown fact that if K is a maximal compact subgroup of a Lie group G with finitely many components, then there exist Ad 
]).
Fact 2.1. Let G be a Lie group with finitely many components, and let K be a maximal compact subgroup of G. Then any compact subgroup of G can be conjugated into K by G. Proof. Denote H = G ⋊ A, and view G and A as subgroups of H in the natural way. Since L ⋊ A is a compact subgroup of H, there exists a maximal compact subgroup M of H which contains L ⋊ A.
It is obvious that the compact group K contains L and is A-invariant. We claim that K is a maximal compact subgroup of G. Indeed, for any compact subgroup
Our proof of the following lemma is motivated by that of [4, Thm. XV.3.1].
Lemma 2.3. Let G and A be as in Theorem 1.1, and let K be an A-invariant maximal compact subgroup of G. Then there exist linear subspaces p 1 , . . . , p r of L (G) which are invariant under both
Xr is a diffeomorphism.
Proof. We may assume that G is noncompact, and prove the lemma by induction on dim G. 
We first prove the following two claims. 
and the Cartan decomposition ensures that the map ϕ
X is obviously a diffeomorphism. This proves Claim 2 for case (2) . For case (3), since D is compact, H is also compact, and there is nothing to prove. Now we have a surjective A-equivariant homomorphism π :
, and subspaces
and A, and every p j is invariant under Ad G (K) and A.
Note that the compact group K ⋊ A acts linearly on each (dπ)
. Now the subspaces p j and q i are all invariant under Ad G (K) and A, and it is easy to see that
Ym is a diffeomorphism. Since ϕ 0 and ϕ ′ are diffeomorphisms, there are smooth maps k :
for all h ∈ H and g ′ ∈ G ′ . We define smooth maps
Then it is straightforward to check that both ϕ • ψ and ψ • ϕ are the identity maps. Thus ϕ is a diffeomorphism. The proof of Lemma 2.3 is finished.
Proof of the main theorem
Now we prove our main Theorem 1.1.
Proof of Theorem 1.1. The first assertion has been proved in Lemma 2.2. Now we prove the surjectivity of ι 1 :
. We first recall that the group operations in G ⋊ A are defined as
We claim that for every A-invariant maximal compact subgroup K of
Then it is easy to check that the map γ : A → G ⋊ A defined as γ(a) = (γ(a), a) is a homomorphism. Since γ is continuous, we see that γ(A) is a compact subgroup of G ⋊ A. Hence there exists (g, b) ∈ G ⋊ A such that (g, b)
So we have g −1 γ(a)a(g) ∈ K for all a ∈ A. Hence γ is cohomologous to a cocycle which takes values in K. This proves that
To prove that ι 1 is injective, let γ 1 , γ 2 : A → K be cocycles which are cohomologous under G, i.e., there exists g ∈ G with γ 2 (a) = g −1 γ 1 (a)a(g) for all a ∈ A. By Lemma 2.3, there exist linear subspaces p 1 , . . . , p r of L (G) which are invariant under Ad G (K) and A such that L (G) = L (K) ⊕ p 1 ⊕ · · · ⊕ p r , and such that the map ϕ : K × p 1 × · · · × p r → G defined by ϕ(k, X 1 , . . . , X r ) = ke =ϕ(γ 2 (a) −1 γ 1 (a)a(k), da(X 1 ), . . . , da(X r )).
Since ϕ is injective, we get γ 2 (a) −1 kγ 2 (a) = γ 2 (a) −1 γ 1 (a)a(k).
This means that γ 2 (a) = k −1 γ 1 (a)a(k). So γ 1 and γ 2 are cohomologous under K. This proves the injectivity of ι 1 .
